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Abstract: Contrary to the standard model that does not admit topologically nontrivial
solitons, two Higgs doublet models admit topologically stable vortex strings and domain
walls. We numerically confirm the existence of a topological Z-string confining fractional
Z-flux inside. We show that topological strings at sin θW = 0 limit reduce to non-Abelian
strings which possess non-Abelian moduli S2 associated with spontaneous breakdown of
the SU(2) custodial symmetry. We numerically solve the equations of motion for various
parameter choices. It is found that a gauging U(1)Y always lowers the tension of the
Z-string while it keeps that of the W -string. On the other hand, a deformation of the
Higgs potential is either raising or lowering the tensions of the Z-string and W -string.
We numerically obtain an effective potential for the non-Abelian moduli S2 for various
parameter deformations under the restriction tanβ = 1. It is the first time to show that
there exists a certain parameter region where the topological W -string can be the most
stable topological excitation, contrary to conventional wisdom of electroweak theories. We
also obtain numerical solutions of composites of the string and domain walls in a certain
condition.
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1 Introduction
The discovery of the Higgs boson at the Large Hadron Collider (LHC) at CERN [1, 2] and
subsequent measurements on properties of the Higgs boson proved that the Standard Model
(SM) is currently the best description of the physics of elementary particles. Still, there is
a need to look for physics beyond the SM to solve problems that are left unanswered by
the SM, such as masses of neutrinos, baryon asymmetry of the Universe, the origin of the
dark matter, etc. Among various possibilities, the Two Higgs doublet model (2HDM) [3] is
a popular extension of the SM. It introduces two Higgs doublet fields (Φ1, Φ2), instead of
one as in the case of the SM. Though it is a simple extension of the Higgs sector of the SM,
phenomenology of the model is quite rich thanks to the existence of four additional scalar
degree of freedom (charged Higgs bosons (H±), CP-even Higgs bosons (H) and CP-odd
Higgs boson (A)), which can be in principle produced at the LHC. (See, e.g., Refs. [4–7]
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and references therein for phenomenological studies of 2HDM.) Two Higgs doublet fields
are also required when one considers supersymmetric extension of the SM [8].
One of interesting features of the 2HDM is a nontrivial topology of the order parameter
space allowing the existence of various topological objects, which would indicate important
cosmological consequences, in contrast to the SM which does not allow topological solitons
as summarized below. A pioneer work on solitons in the SM was done by Nambu [9], in
which a classical configuration of a pair of magnetic monopoles bounded by a Z-flux tube
was found. Unfortunately, the configuration cannot be stable reflecting the fact that the
SM is topologically trivial. After a while, a new type of soliton, so-called semi-local strings,
has been found in the extended Abelian-Higgs model which corresponds to the θW = 0 limit
of the SM [10]. It is peculiar that a semi-local string is stable in certain parameter region
of topologically trivial models [10–12]. It soon lead to a search of a stable non-topological
soliton in the SM [13, 14], and the so-called electro-weak(EW) Z- and W -string were found
[14]. However the EW strings are stable only in a parameter region with sin2 θW . 1 which
is quite far from the realistic point sin2 θW ' 0.23 [14–16], however various interesting
aspects of the EW strings can be found in Ref. [17]. For instance, Z-strings were suggested
to contribute to electroweak baryogenesis [18, 19] (see also Ref. [20]), and Z-strings ending
on monopoles were suggested to generate primordial magnetic fields in cosmology [21, 22].
Monopole and anti-monopole connected by a Z-string can be saddle point solutions, known
as sphalerons [23].
Let us turn back to the 2HDM. EW strings in the 2HDM were studied around the
almost same period [24–27]. (See also [28] for more recent study.) A membrane [29, 30] and
sphaleron(-like soliton) [31–34] were also studied. Topological defects such as domain walls,
global vortices, and global monopoles were studied in Refs. [35, 36]. (See also Ref. [37].)
Among them, EW strings are quite similar to those in the SM in the sense that they
are not topologically protected. In contrast, it was first pointed out in Ref. [38] that the
2HDM admits a topologically stable EW string solution associated with the spontaneously
broken U(1)a symmetry, which is the difference between the overall phases of the two
Higgs fields. The topological EW string has two distinguishable aspects: It is a global
string whose winding partially goes inside the global phase U(1)a, and it is, at the same
time, a local string in the sense that the rest of winding is supplemented by an SU(2)W
gauge transformation, thereby leading a fractional magnetic flux of a Z-boson confined in
the vortex core [38]. Such strings are also present in supersymmetric extension of SM [39].
This is the unique topologically stable string-like objects in the 2HDM playing a role of
cosmic strings, and therefore it should be an important piece to characterize vast parameter
space of the 2HDM. Nevertheless, after its discovery, study on the topological Z-string has
been in a large dormant period until very recently. In Ref. [40], we showed that in a certain
parameter space of the 2HDM where the U(1)a is explicitly broken, stable domain walls
must appear and be attached to the topologically stable Z-strings.
In this paper, we study theoretical properties of vortex strings and domain walls in
the 2HDM in detail. While Ref. [38] pointed out the existence of the topologically stable
string configurations, neither analytic nor numerical solutions were given. One of the
aims of this paper is to confirm the existence of the topologically stable string solutions
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by solving numerically equations of motion of the 2HDM. With the numerical solutions
at hand, we will reveal various properties of the strings. Firstly, we will point out that
the topological Z-string is a so-called non-Abelian string at the limit of sin2 θW = 0 in
the parameter region where the Higgs potential has an exact custodial symmetry. Non-
Abelian strings were extensively studied in supersymmetric gauge theories [41–49] (see
Refs. [50–52] as a review), color-flavor locked phase in dense QCD [53–70] (see Ref. [71]
as a review), and recently in the Georgi-Machacek model [72]. As the same with these
cases, a non-Abelian string in 2HDM has infinitely degenerate family, characterized by a
moduli pace isomorphic to S2 ' SU(2)/U(1). This is parameterized by Nambu-Goldstone
(NG) modes localized around the non-Abelian string, as a consequence of spontaneous
breakdown of the custodial symmetry in the presence of the non-Abelian string. Points
of the moduli space correspond to a magnetic flux of the SU(2)W gauge field, and there
are two Z-strings corresponding to the north and south poles of the moduli space S2 while
the W -strings correspond to the equator of S2. They are physically the same solutions
which are transformed to each other by the custodial symmetry. Once we switch on the
U(1)Y gauge coupling (sin
2 θW 6= 0), these strings are distinguished. First let us consider
a Higgs potential which is exactly symmetric under the custodial symmetry. The U(1)Y
is a subgroup of the custodial symmetry, and consequently the Lagrangian no longer has
the custodial symmetry. As a consequence, NG modes localized around the string acquire
a mass to become pseudo-NG modes, and almost all the non-Abelian strings have larger
tension than the two Z-strings corresponding to the north and south poles of the S2 moduli
space. Especially, we will make an ansatz for unstable configurations corresponding to
generic points of S2, and will be succeed in obtaining an effective potential on the S2
moduli. It will turned out that the gauging U(1)Y lowers tension of the strings. The Z-
strings are lowered most while the W -strings are intact. Therefore, the Z-strings are the
most stable string solutions. Next, we will modify the Higgs potential under the restriction
with tanβ = 1 being kept, in which case the vacuum has the custodial symmetry although
the potential does not. Interestingly, it will turn out that a certain modification of the
Higgs potential works opposite to the U(1)Y gauging. Namely, it can lift up the tension of
Z-strings while that of W -strings are lowered. In a generic point in the parameter space,
the two opposite effects compete. We will numerically solve the equations of motion and
will show that there exists a certain parameter region where the W -strings are the most
stable strings, in contrast to the previous work [38] considering only the Z-strings. We
will proceed our numerical analysis for the most generic Higgs potential for tanβ 6= 1.
We will obtain numerical solutions for the Z-strings, which is a numerical confirmation of
the findings in Ref. [38]. Finally, we will introduce additional interactions which explicitly
break U(1)a, by giving rise to a double sine-Gordon potential on it. It gives rise to domain
walls ending on the Z-strings [73–77], as the case of axion strings [78] and axial strings
in dense QCD [79]. We will classify the parameter space into three regions; in which a
Z-string is attached by one domain wall, two domain walls with different tension, and one
composite domain wall made of two constituent domain walls. We will make numerical
configurations for these three typical string-wall composites.
This paper is organized as follows. Sec. 2 is devoted for reviewing the 2HDM with
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special emphasis on the custodial symmetry which is peculiar to the 2HDM. We will inves-
tigate the non-Abelian strings at sin2 θW = 0 in Sec. 3. The effects of the U(1)Y gauging
is studied in Sec. 4, and the modification of the Higgs potential (under the constraint of
tanβ = 1) is investigated in Sec. 5. The Z-string solutions for the most generic Higgs
potential is obtained in Sec. 6. The string-wall composites are given in Sec. 7. Sec. 8 is
devoted for summary and discussion.
2 Two Higgs doublet models
We introduce two SU(2) doublet Higgs fields, Φ1 and Φ2, with the hypercharge Y = 1,
and consider the following Lagrangian:
L = −1
4
BµνB
µν − 1
4
W aµνW
aµν +
∑
i=1,2
(
DµΦ
†
iD
µΦi
)
− V. (2.1)
Here, Bµν and W
a
µν represent the field strength of the hypercharge and the weak gauge
fields, and Dµ represents the covariant derivative acting on two Higgs doublet fields. V is
the Higgs potential which has the following form:
V = m211Φ
†
1Φ1 +m
2
22Φ
†
2Φ2 −
(
m212Φ
†
1Φ2 + h.c.
)
+
β1
2
(
Φ†1Φ1
)2
+
β2
2
(
Φ†2Φ2
)2
+β3
(
Φ†1Φ1
)(
Φ†2Φ2
)
+ β4
(
Φ†1Φ2
)(
Φ†2Φ1
)
+
{
β5
2
(
Φ†1Φ2
)2
+ h.c.
}
, (2.2)
Here, in order to avoid tree-level Higgs-mediated FCNCs, we imposed a softly-broken Z2
symmetry, Φ1 → +Φ1 and Φ2 → −Φ2, on the potential. Without loss of generality, m12 is
taken to be real by rephasing the scalar fields. We also assume β5 to be real, so that the
Higgs sector is explicitly CP conserving. We further assume that the Higgs fields develop
non-zero vacuum expectation values (VEVs) as
Φ1 =
(
φ1,1
φ1,2
)
=
(
0
v1
)
, Φ2 =
(
φ2,1
φ2,2
)
=
(
0
v2
)
. (2.3)
This occurs when at least one eigenvalue of the mass matrix is negative, then we can set
v1 and v2 are simultaneously positive without loss of generality.
For later use, we introduce the following two-by-two matrix form [81] which consists
of two Higgs doublet fields:
H = (iσ2Φ
∗
1, Φ2) =
(
φ∗1,2 φ2,1
−φ∗1,1 φ2,2
)
. (2.4)
The electroweak gauge transformation acting on this matrix field can be expressed as
H → exp
(
i
2
αa(x)σa
)
H exp
(
− i
2
β(x)σ3
)
, (2.5)
where SU(2)W and U(1)Y gauge transformations act on H from left and right, respectively.
The covariant derivative acting on H is thus expressed as
DµH = ∂µH − g i
2
σaW
a
µH + g
′ i
2
Hσ3Bµ. (2.6)
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The custodial transformation SU(2)C in the two Higgs doublet model [81, 82] is identified
with a global SU(2)R transformation acting on H from the right together with the SU(2)W
transformation as
H → U †HU, U ∈ SU(2)C . (2.7)
The potential V in Eq. (2.2) can be rewritten as:
V =
m211 +m
2
22
2
Tr(H†H)− m
2
11 −m222
2
Tr
(
H†Hσ3
)
−m212 (detH + h.c.)
+
2(β1 + β2) + 3β3
12
Tr
(
H†HH†H
)
+
2(β1 + β2)− 3β3
12
Tr
(
H†Hσ3H†Hσ3
)
− β1 − β2
3
Tr
(
H†Hσ3H†H
)
+ (β3 + β4) det(H
†H) +
(
β5
2
detH2 + h.c.
)
, (2.8)
by using following relations between H and Φ fields:
Tr
(
H†H
)
= Φ†1Φ1 + Φ
†
2Φ2, (2.9)
Tr
(
H†Hσ3
)
= −Φ†1Φ1 + Φ†2Φ2, (2.10)
detH = Φ†2Φ1, (2.11)
Tr
[(
H†H
)(
H†H
)]
=
(
Φ†1Φ1 + Φ
†
2Φ2
)2 − 2(Φ†1Φ2)(Φ†2Φ1) , (2.12)
Tr
[(
H†H
)
σ3
(
H†H
)]
= −
(
Φ†1Φ1
)2
+
(
Φ†2Φ2
)2
, (2.13)
Tr
[(
H†H
)
σ3
(
H†H
)
σ3
]
=
(
Φ†1Φ1 − Φ†2Φ2
)2
+ 2
(
Φ†1Φ2
)(
Φ†2Φ1
)
, (2.14)
detH2 =
(
Φ†2Φ1
)2
, (2.15)
detH†H =
(
Φ†2Φ1
)(
Φ†1Φ2
)
. (2.16)
The VEV of H is expressed by a diagonal matrix
H = diag(v1, v2). (2.17)
For later purposes, let us discuss several simplified cases here. When we take
m11 = m22, β1 = β2, (2.18)
the VEV of H is proportional to the unit matrix, and the potential takes the following
form:
Vv1=v2 = −m2Tr(H†H) + λ1Tr
(
(H†H)2
)
+ λ2(Tr(H
†H))2 + λ4Tr
(
H†Hσ3H†Hσ3
)
− m212 (detH + h.c.) +
(
β5
2
detH2 + h.c.
)
, (2.19)
where we have used the Cayley–Hamilton identity Tr[A2]− (TrA)2 + 2detA = 0 for a two
by two matrix A, and have defined new parameters by
m211 = −m2, λ1 =
4β1 − 3β3 − 6β4
12
, λ2 =
β3 + β4
2
, λ4 =
4β1 − 3β3
12
. (2.20)
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If we further assume
β1 =
3
4
β3, (2.21)
in addition to Eq. (2.18), terms with σ3 disappears, in which case the potential manifestly
has the custodial SU(2) symmetry. It should be noted here that, even when the potential
has the custodial symmetry, it is explicitly broken by the existence of U(1)Y gauge inter-
action, which is the subgroup of SU(2)R. Therefore the custodial symmetry becomes the
symmetry of whole Lagrangian only when we assume Eqs. (2.18), (2.21) and turn off the
U(1)Y gauge interaction.
It is also important to note that if we take
m12 = β5 = 0, (2.22)
there is an additional U(1)a symmetry which rotates the relative phase of Φ1 and Φ2 as
U(1)a : H → eiαH. (2.23)
Since this symmetry is spontaneously broken in the vacuum, the corresponding Nambu-
Goldstone field appears.
When we discuss the existence of a non-Abelian string in the 2HDM in the following
sections, we often consider the most symmetric Lagrangian with the following simplifica-
tion,
m11 = m22, β1 = β2 =
3
4
β3, m12 = β5 = 0, (2.24)
namely all the simplifications, Eqs. (2.18), (2.21) and (2.22). Under this assumption, the
Higgs potential takes the following form with only three parameters:
V = −m2Tr[H†H] + λ1Tr
[
(H†H)2
]
+ λ2
(
Tr[H†H]
)2
. (2.25)
For the moment, we also turn off the U(1)Y gauge coupling (sin θW = 0), then the global
custodial SU(2) symmetry is exact. The vacuum of the H field is expressed as
〈H〉 = v12, v2 = m
2
2 (λ1 + 2λ2)
, (2.26)
and the vacuum stability condition reads
λ1 + 2λ2 > 0. (2.27)
In the vacuum, the symmetry is spontaneously broken as
U(1)a × SU(2)W × SU(2)R → SU(2)C × (Z2)W+a. (2.28)
Here, (Z2)W+a is defined as (Z2)W+a : (ω12,12, ω) ∈ SU(2)W × SU(2)R × U(1)a, where ω
is defined by ω = eipi = −1.1 Therefore, the order parameter space is
M =
U(1)a × SU(2)W × SU(2)R
SU(2)C × (Z2)W+a '
U(1)× SU(2)
Z2
' U(2). (2.29)
1 The discrete symmetry (Z2)W+a can be replaced by (Z2)R+a which is defined by (Z2)R+a :
(12, ω12, ω) ∈ SU(2)W × SU(2)R × U(1)a. The difference between (Z2)W+a and (Z2)R+a can be absorbed
by the center of SU(2)C .
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Let us discuss masses of scalar bosons. Let us expand the fields H around the vacuum
in terms of small fluctuations
H = v12 + σah
a, (σa = (12, ~σ)), (2.30)
where ha (a = 0, 1, 2, 3) are complex scalar fields. Plugging this into Lagrangian, we find
the mass spectrum: there are four NG bosons (three of them are eaten by the weak gauge
bosons) and four massive modes. Those massive modes can be classified by the SU(2)C
symmetry, and their masses are expressed as
m21 = 2m
2, m23 =
λ1
λ1 + 2λ2
2m2 = 4λ1v
2, (2.31)
where m1 is the mass of the SU(2)C singlet scalar (the real part of h0) and m3 is that of
the adjoint components (the real parts of h1,2,3). From the above expressions, we see that
the relation between SU(2)C singlet and triplet bosons becomes
m21 Q m23 for λ2 Q 0. (2.32)
The mass of the SU(2)W bosons is (Z and W are degenerate because of sin θW = 0)
m2W = g
2v2. (2.33)
Note that our v2 is related to a conventional one by v2EW = 4v
2.
3 Topological non-Abelian strings at sin θW = 0
In this section, we discuss the existence of a non-Abelian string in the 2HDM. The symmetry
breaking pattern in Eq. (2.28) is homotopically non-trivial:
pi1 (M) = Z. (3.1)
This will support the existence of several kinds of topologically stable strings as explained
in the followings.
3.1 Topological Abelian string
Let us start from explaining an Abelian global string, which is characterized by the following
form of field configurations:
H = vf(r)eiθ12, W
a
µ = 0. (3.2)
Here (r, θ) is the polar coordinate of the plane (xy plane) perpendicular to the vortex
string (z-axis). The regularity requires f(r) → 0 as r → 0, while f(r) → 1 as r →
∞ to minimize the energy of the system. Since the SU(2)W gauge fields are vanishing
everywhere, the vortex string has no SU(2)W flux. The topological charge of the string is
given by pi1(U(1)a) = Z.
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Dominant contribution to the tension of the global string comes from the kinetic term
of H. One can see this by looking at the field configuration of H at r →∞:
H → veiθ12, (r →∞). (3.3)
Then, the energy density asymptotically (r →∞) behaves as
E → Tr
[
(∂iH)
†∂iH
]
' 2× v
2
r2
+ · · · , (3.4)
where the factor 2 comes from the trace. Integrating this over on the x-y plane, we obtain
the tension (mass per unit length) of the string as
T '
∫
d2x Tr
[
(∂iH)
†∂iH
]
' 4piv2 log Λ + · · · , (3.5)
where Λ is the IR cut-off parameter, and the ellipses stand for a finite contributions.
3.2 Topological non-Abelian string
As we will show shortly, the Abelian global string explained above is not the most elemental
topological excitation in the model. The most elemental string is called a non-Abelian string
which is a partially global and partially local string. The ansatz of field configurations is
taken as
H0 = v
(
h(r) 0
0 f(r)eiθ
)
, W ai,0 = δ
a3 1
g
ij
xj
r2
(1− w(r)), W a3,0 = 0, (3.6)
with an appropriate boundary condition
h′(0) = 0, f(0) = 0, w(0) = 1, h(∞) = f(∞) = 1, w(∞) = 0. (3.7)
Indication of the subscript 0 in Eq. (3.6) will be tuned out to be clear below. Note that
h(0) is not necessary zero because the left-top component does not wind. One may rewrite
the above Higgs field configuration as
H0 = ve
i θ
2 e−i
θ
2
σ3
(
h(r) 0
0 f(r)
)
. (3.8)
This shows that half of the phase appearing in the lower-right corner of H in Eq. (3.6) is
from the global U(1)a transformation, while the rest of the phase is supplied by SU(2)W
rotation. Therefore, this string has both features of a global string and a local string:
Namely, its tension is logarithmically divergent while it carries the quantized magnetic flux
along the vortex.
The energy density in terms of f, h, w reads
E = v
2m2W
4
(
2f ′2 + 2h′2 +
w′2
ρ2
+
(w + 1)2
2ρ2
f2 +
(w − 1)2
2ρ2
h2
−γ21(f2 + h2) +
γ21 + γ
2
3
4
(f4 + h4) +
γ21 − γ23
2
f2h2
)
, (3.9)
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Figure 1: The profile functions of f(r), h(r) and w(r) for numerical solutions of an
axially symmetric non-Abelian vortex string at the limit g′ → 0. The left solution is for
(γ1, γ3) = (1, 2) and the right one is for (γ1, γ2) = (2, 1).
where ρ = mW r/
√
2 and the prime stands for a derivative in terms of ρ. γ1 and γ3 are
defined as dimensionless combinations of parameters as:
γ1 =
√
2m1
mW
, γ3 =
√
2m3
mW
. (3.10)
The equations of motion are summarized as
f ′′ +
f ′
ρ
− (w + 1)
2
4ρ2
f − 1
4
[(
γ21 + γ
2
3
)
f2 +
(
γ21 − γ23
)
h2 − 2γ21
]
f = 0, (3.11)
h′′ +
h′
ρ
− (w − 1)
2
4ρ2
h− 1
4
[(
γ21 − γ23
)
f2 +
(
γ21 + γ
2
3
)
h2 − 2γ21
]
h = 0, (3.12)
w′′ − w
′
ρ
− w + 1
2
f2 − w − 1
2
h2 = 0. (3.13)
Note that only two dimensionless parameters, γ1 and γ3, appear in the above expressions.
In Fig. 1, we show profile functions that are obtained by solving above equations for the
cases of (γ1, γ3) = (1, 2) (left panel) and (2, 1) (right panel). Shapes of f and w are quite
similar for the both cases, while h behaves in a qualitatively different way. It is a general
tendency that h becomes smaller (larger) than one near the vortex core in the case of
γ1 < γ3 (γ3 < γ1).
In contrast to the purely global solution, the SU(2)W gauge fields take non-trivial
configurations. The SU(2)W magnetic flux is given by
W 312 =
w′(r)
gr
, Φ312 =
∫
d2x W 312 = −
2pi
g
. (3.14)
Similarly to the Abelian global string, dominant contribution to the tension of a non-
Abelian string comes from the kinetic term of H at r →∞. The asymptotic behavior of a
– 9 –
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Figure 2: ρ2E/v2 for the non-Abelian strings with (γ1, γ3) = (1, 12) (red solid curve) and
(1, 1) (black dashed curve), and (1, 2) (blue dotted curve). All the curves converge to 1/2,
indicating the fractional U(1)a winding number, as expected from Eq. (3.16).
non-Abelian string reads
H → vei θ212, (r →∞), (3.15)
where we have gauged away irrelevant phase. Then, the energy density asymptotically
(r →∞) behaves as
E ∼ Tr
[
(∂iH)
†∂iH
]
→ 2× 1
22
× v
2
r2
+ · · · , (3.16)
where the factor 1
22
reflects the fact that the U(1)a winding number is 1/2. This asymptotic
behavior is well reproduced by numerical solutions irrespective of the choice of parameters
γ1, γ2 as shown in Fig. 2. Integrating the energy density (3.16) over x-y plane, we obtain
the tension (mass per unit length) of the string as
T '
∫
d2x Tr
[
(∂iH)
†∂iH
]
' piv2 log Λ + · · · , (3.17)
where Λ is the IR cut-off parameter, and the ellipses stand for finite contributions. It
is now clear that the tension of the non-Abelian string is about one quarter of that of
the Abelian global string. Therefore, the former is considered to be more fundamental
topological excitation compared to the latter. One should note that a single Abelian global
vortex and a system which has two non-Abelian vortices are in the same topological sector
since the U(1)a winding number of the Abelian global string is twice of that of the non-
Abelian string. Therefore, those two systems are related by continuous deformation of field
configurations, and an Abelian global string, even if it is created, is likely to decay into two
non-Abelian strings since well-separated two non-Abelian strings are energetically favored
compared to a single Abelian global string.
Now let us discuss a parameter dependence of the tension of the non-Abelian strings.
For the purpose of removing the logarithmic divergence from the discussion, we take the
tension of the string for the case of (γ1, γ3) = (1, 1) as a reference, and defined the following
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Figure 3: The γ3 (γ1) dependence of the finite contribution δT¯ /2piv
2 is shown for the
three different γ1 =
1
2 , 1, 2 (γ3 =
1
2 , 1, 2) in the left (right) panel.
quantity for general values of (γ1, γ3):
δT¯ (γ1, γ3) = 2piv
2
∫ ∞
0
dρ ρ [E(ρ; γ1, γ3)− E(ρ; γ1 = 1, γ3 = 1)] . (3.18)
Fig. 3 shows the γ3 (γ1) dependence of δT¯ for three choices of the value of γ1 (γ3). From
the figure, one can see that δT¯ monotonically increases as a function of γ3 and γ1.
One of distinctive features of the non-Abelian strings is the existence of non-Abelian
zero modes. Since the presence of a non-Abelian string spontaneously breaks the SU(2)C
custodial symmetry, those zero modes appear as NG modes. As we showed in Eq. (3.15),
while the vortex configuration asymptotically approaches to an SU(2)C-conserving form,
the SU(2)C symmetry is spontaneously broken at the center of the string by the following
form of configuration:
H
∣∣
NA string
→ vei θ2
(
h(0) 0
0 0
)
, (r → 0). (3.19)
Therefore the non-Abelian NG modes are localized near the string where the SU(2)C
symmetry is broken spontaneously. The presence of the string configuration breaks the
SU(2)C symmetry down to U(1)c, generating the non-Abelian NG modes on the coset of
SU(2)C
U(1)c
' CP 1 ' S2. (3.20)
Such a coset manifold is called the moduli space and its coordinates are called the moduli
parameters. Different points on the S2 moduli space correspond to physically different
degenerate string solutions. We identify the solution given in Eq. (3.6) as the one associated
with the north pole of S2 moduli space, and we call it a (0, 1)-string.
The (1, 0)-string corresponds to the antipodal point, namely the south pole, which is
given by
Hpi = v
(
f(r)eiθ 0
0 h(r)
)
, W ai,pi = −δa3
1
g
ij
xj
r2
(1− w(r)), W a3 = 0, (3.21)
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Figure 4: The moduli space S2 of a non-Abelian vortex string.
W ai of the (1, 0)-string solution has the same form as that of the (0, 1)-string solution with
an opposite sign. Therefore the SU(2)W magnetic flux of the (1, 0)-string takes the same
magnitude as that of a (0, 1)-string with the opposite sign:
W 312 = −
w′(r)
gr
, Φ312 =
∫
d2x W 312 =
2pi
g
. (3.22)
String solutions on a generic point of the S2 moduli space can be obtained by acting an
SU(2)C transformation on the (0, 1)-string configuration, given in Eq. (3.6). We first apply
a rotation around the σ2-axis which is represented by the following SU(2)C transformation:
U(ζ) = exp
(
iσ2
2
ζ
)
=
(
cos ζ2 sin
ζ
2
− sin ζ2 cos ζ2
)
, 0 ≤ ζ ≤ pi. (3.23)
Acting this on H and Wi of a (0, 1)-string, both of which are the adjoint representation
of SU(2)C , we have
Hζ = UHU
† = vei
θ
2
[
ge−i
θ
2 + fei
θ
2
2
12 +
ge−i
θ
2 − fei θ2
2
σζ
]
, (3.24)
Wi,ζ = UWiU
† =
1
g
ij
xj
r2
(1− w(r)) σζ , (3.25)
with
σζ ≡ Uσ3U † = σ3 cos ζ − σ1 sin ζ. (3.26)
Generic solution can be obtained by further applying rotation around the σ3-axis in SU(2)C .
The schematic picture of the moduli space is given in Fig. 4.
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3.3 Non-topological local non-Abelian string
There is the third type of string solution which takes the configuration on purely SU(2)W
gauge orbits. The simplest ansatz is given by
H = f(r)e−
iσ3
2
2θ
(
v 0
0 v
)
, W 3i =
2
g
ij
xj
r2
(1− w(r)) . (3.27)
This is clearly local string, and therefore the tension is finite. However, since the SU(2)W
has topologically trivial first homotopy group pi1(SU(2)W ) = {φ}, the stability of the string
is not topologically ensured.
4 Topological Z- and W -strings for sin θW 6= 0 at tan β = 1
Let us next turn on the U(1)Y gauge coupling and see how the non-Abelian string solution
is affected. With the existence of the U(1)Y gauge interaction, the custodial symmetry is
no longer a symmetry of the model. As a consequence, NG modes localized on a string
obtain mass to become pseudo-NG modes, and almost all the points of the S2 moduli space
are energetically lifted, that is, almost all the non-Abelian string solutions become unstable
leaving only two exceptions; the (1, 0)- and (0, 1)-string remain stable solutions even after
switching on the U(1)Y gauge interaction.
For illustration, let us again consider the simplified model with the Higgs potential
given in Eq. (2.25). The VEV is the same as before, namely H = v12. Therefore, the
model has tanβ = v2/v1 = 1. The U(1)Y and σ3 parts of the SU(2)W are mixed in
the same way as those in the SM. The mass eigenstates, namely a massive Z boson and
massless photon, are expressed as follows:
Zµ = cos θW W
3
µ − sin θW Bµ, (4.1)
Aµ = sin θW W
3
µ + cos θW Bµ. (4.2)
Here, the mixing angle θW is defined by cos θW = g/
√
g2 + g′2.
4.1 Topological Z-string
The (1, 0)- and (0, 1)-strings are the topologically stable Z-string [38]. To describe it in
details, let us first set W±µ = Aµ = 0 since these fields do not play any role for string
solutions. Then the covariant derivative of the diagonal Higgs field reads
DµH =
(
∂µ − g
cos θW
iσ3
2
Zµ
)
H. (4.3)
Note that difference from the case of sin θW = 0 in the last section is just W
3
µ → Zµ and
g → g/ cos θW . Therefore, the ansataz for the configuration of a (0, 1)-string is obtained
from Eq. (3.6) by simply replacing the coupling as follows:
H0 = v
(
h(r) 0
0 f(r)eiθ
)
, Zi,0 =
g
cos θW
ij
xj
r2
(1− w(r)). (4.4)
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In terms of the SU(2)W and U(1)Y gauge fields, these are expressed as
W 3i,0 =
g
g2 + g′2
ij
xj
r2
(1− w(r)), Bi,0 = − g
′
g2 + g′2
ij
xj
r2
(1− w(r)). (4.5)
The equations of motion for the profile functions f, h, w are given by
f ′′ +
f ′
ρ˜
− (w + 1)
2
4ρ˜2
f − 1
4
[(
γ˜21 + γ˜
2
3
)
f2 +
(
γ˜21 − γ˜23
)
h2 − 2γ˜21
]
f = 0, (4.6)
h′′ +
h′
ρ˜
− (w − 1)
2
4ρ˜2
h− 1
4
[(
γ˜21 − γ˜23
)
f2 +
(
γ˜21 + γ˜
2
3
)
h2 − 2γ˜21
]
h = 0, (4.7)
w′′ − w
′
ρ˜
− w + 1
2
f2 − w − 1
2
h2 = 0. (4.8)
where ρ˜ = mZr/
√
2, γ˜1,3 =
√
2m1,3/mZ with
m2Z =
g2v2
cos2 θW
. (4.9)
The dominant part of the string tension is independent of sin θW since the logarithmic
divergence comes from the asymptotic behavior H ∼ e iθ2 v12. Indeed, the dominant part
reads
TZ = piv
2 log Λ + · · · , (4.10)
as was given in Eq. (3.17). A difference between the Z-string for sin θW 6= 0 and the non-
Abelian string with sin θW = 0 appears in the subdominant finite part. The configuration
of as (1, 0)-string is obtained from that of a (0, 1)-string by changing the sign of gauge
fields. Tensions of (1, 0)- and (0, 1)- strings are exactly the same. Near the center of a
Z-string, the Z-flux with the following magnitudes is confined:
ΦZ = ±2pi cos θW
g
. (4.11)
Here the plus (minus) sign is for the (1, 0)-string ((0, 1)-string).
4.2 Explicitly broken SU(2)C transformation
Now, let us discuss what happens when we transform the Z-string solution by SU(2)C
rotations. We first note that although the SU(2)C rotation is not the symmetry of the
Lagrangian, the vacuum is invariant under the SU(2)C rotation since we are now consid-
ering the situation that the vacuum expectation value of H is proportional to identity:
〈H〉 = v12 (tanβ = 1). Therefore, the asymptotic form of the Z-string configuration
are not affected by the SU(2)C rotations since they approaches to the vacuum state at
r →∞. This means that the logarithmic divergence of the string tension, which originates
from large r behavior of the string configuration, is not changed by an SU(2)C rotation.
Meanwhile, the finite part of the string tension is affected by SU(2)C rotations since string
configurations near the center of the vortex are not invariant under those rotations. We
will show how the string tension are affected by SU(2)C term later in this section
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4.3 Topological W -string
Before investigating the general case, let us examine a special string solution that are
obtained by applying an SU(2)C rotation with ζ = pi/2 (see Eq. (3.23)) to the Z-string
solution. This corresponds to a point on the equator of the S2 space shown in Fig. 4. The
string constructed in this way has an axis which is orthogonal to that of the Z-string, and
the vortex is made of H and W±. Therefore we call this string as a topological W -string.
Since the existence of U(1)Y is irrelevant for the W -string, the corresponding solution is
precisely the same as that in the case of sin θW = 0. Hence, the ansatz is the same as those
in Eqs. (3.24) and (3.25) with ζ = pi2 :
H =
v
2
ei
θ
2
(
fei
θ
2 + he−i
θ
2 fei
θ
2 − he−i θ2
fei
θ
2 − he−i θ2 fei θ2 + he−i θ2
)
r→∞−−−→ vei θ2
(
cos θ2 i sin
θ
2
i sin θ2 cos
θ
2
)
= vei
θ
2 eiσ1
θ
2 ,
W 1i = −
1
g
ij
xj
r2
(1− w(r))σ1 r→∞−−−→ −1
g
ij
xj
r2
σ1 =
∂iθ
g
σ1. (4.12)
The covariant derivative of H asymptotically behaves as
DiH → v
(
∂i − ig
2
∂iθ
g
σ1
)
ei
θ
2 eiσ1
θ
2 =
v
2
i∂iθ e
i θ
2 eiσ1
θ
2 . (4.13)
Therefore, the tension can be derived as
TW = piv
2 log Λ + · · · , (4.14)
which has the same form of the divergence with the same coefficient as the case of the
Z-string, given in Eq. (4.10). The SU(2)W flux confined in the string is given as
Φ1W =
2pi
g
. (4.15)
Thus, the W flux quantum is different from the Z flux quantum by the factor cos θW .
Note that there is one parameter (azimuthal angle) family of the topological W -strings
corresponding to points on the equator of the S2 space. Since shift on the equator is
generated by gauged U(1) ∈ SU(2)C , all the points on the equator are physically equivalent.
However, if there are more than one W -strings with different azimuthal angles, the relative
difference remains physical.
4.4 General unstable non-Abelian strings
We have studied the topological Z- and W -strings in the case of sin θW 6= 0. A natural
question to be asked is: Which is energetically favored? As we mentioned above, the
tension of topological W -string is same as that of the non-Abelian string (with sin θW = 0).
Meanwhile, the tension of Z-string is obtained from the tension of the non-Abelian string
by replacing g with
√
g2 + g′2. The effect of the change of the coupling can be understood
from Fig. 3 considering the fact that, for the tension of the non-Abelian string, changing
the coupling with fixing all the other parameters is equivalent to changing γ1,3 with fixing
the value of the coupling. In Fig. 3, we have seen that the string tension monotonically
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increases as functions of γ1 and γ3. Since γ1,3 ∝ g−1, this implies that the string for
the larger g has the smaller tension. Therefore, we conclude that the Z-string is always
energetically favored to the W -string in the simplest Higgs potential given in Eq. (2.25).
To see this more clearly, let us now derive an “effective potential” Veff(ζ), namely
the string tension of configurations made of SU(2)C rotations from the Z-string, in an
arbitrary point of the moduli space. As long as g′  g holds, effects of gauging U(1)Y
should be small. Therefore, we can perturbatively deal with the effect around the solution
with g′ = 0. In order to connect smoothly the Z-strings (the north and south poles of S2)
and a W -string (a point on the equator), we take a variational ansataz by rotating H0 and
Wi,0 given in Eqs. (4.4) and (4.5) (the ansatz for ζ = 0) by Uζ ∈ SU(2)C given in Eq. (3.23).
On the other hand, we leave Bi,0 as it is in Eq. (4.5). We plug this SU(2)C rotated ansatz
into the Lagrangian with the simplified potential (2.25), and minimize energy for a fixed
ζ. Then, we repeat the procedure by varying ζ from 0 to pi. This continuously connects
the Z- and W -strings.
For practical use, we invert the above procedure as follows. Since the gauge kinetic
terms and the potential term are SU(2)C symmetric, the Higgs kinetic term is unique term
which breaks the SU(2)C symmetry via the minimal coupling with the U(1)Y gauge field:
DiHζ = Uζ
(
∂iH0 − g i
2
W 3i,0σ3H0 + g
′ i
2
H0σ−ζBi
)
U †ζ , (4.16)
where H0 takes the form given in Eq. (4.4). Then, just for simplicity, we make a slightly
different ansatz for Wi and Bi from Eq. (4.5) as
Wi,0 = −1
g
ij
xj
r2
(1− w(r)), Bi,0 = − 1
g′
ij
xj
r2
b(r). (4.17)
The boundary condition for w(r) and b(r) should be chosen in such a way that the
logarithmic divergences given in Eqs. (4.10) and (4.14) holds regardless of ζ. The equations
that minimizes the energy for a fixed value of ζ read
f ′′ +
f ′
ρ˜
−
(
(1 + w)2 − 2(1 + w)b cos ζ + b2)
4ρ˜2
f
− 1
4
[(
γ˜21 + γ˜
2
3
)
f2 +
(
γ˜21 − γ˜23
)
h2 − 2γ˜21
]
f = 0, (4.18)
h′′ +
h′
ρ˜
−
(
(1− w)2 + 2(1− w)b cos ζ + b2)
4ρ˜2
h
− 1
4
[(
γ˜21 − γ˜23
)
f2 +
(
γ˜21 + γ˜
2
3
)
h2 − 2γ˜21
]
h = 0, (4.19)
w′′ − w
′
ρ˜
− 1
2
cos2 θW
(
(1 + w − b cos ζ)f2 − (1− w + b cos ζ)h2) = 0, (4.20)
b′′ − b
′
ρ˜
+
1
2
sin2 θW
(
((1 + w) cos ζ − b)f2 − ((1− w) cos ζ + b)h2) = 0. (4.21)
We numerically solve these by varying ζ from 0 to pi for a fixed θW , and evaluate the
tension by integrating the energy density between 0 ≤ ρ˜ ≤ 40. Fig. 5 shows the tension
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Figure 5: The ζ dependence of the string tensions. We plot three cases of sin2 θW =
1
2 , 0.23, and 0: namely,
m2W
m2Z
= cos2 θW =
1
2 ,
(
80
91
)2
, and 1. We fix the other parameter by
requiring γ˜1√
2
= m1mZ =
125
91 and m3 = 100m1.
for each ζ. Note that the value of the vertical axis in the figure is rather irrelevant since it
logarithmically depends on the numerical cutoff of ρ˜ integration. What is important here
is the difference of tensions among solutions for different input values of ζ and sin θW . The
edges (ζ = 0 and pi), corresponding to the Z-strings, are minima of the effective potential
while the W -string is the maximum. This clearly shows that two Z-strings are most
stable with degenerate and minimum tension and W -strings having the largest tension,
corresponding to the maximum of the potential.
5 Topological strings with an SU(2)C breaking potential at tan β = 1
5.1 The mass ordering of the Higgs
We now add a term which explicitly breaks SU(2)C symmetry to the simplest potential
given in Eq. (2.25):
V = −m2Tr[H†H] + λ1Tr
[
(H†H)2
]
+ λ2
(
Tr[H†H]
)2
+ λ4Tr[H
†Hσ3H†Hσ3].
(5.1)
The VEV of H is still proportional to the identity matrix, however v given in Eq. (2.26) is
modified as
H = v12, v
2 =
m2
2 (λ1 + λ4 + 2λ2)
. (5.2)
The mass of the SU(2)C singlet scalar (the real part of h0) is unchanged as
m21 = 2m
2, (5.3)
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Figure 6: The six possible mass orderings in terms of λ2 and λ4. The gray region is
phenomenologically disfavored since the lightest scalar field is not a neutral singlet scalar.
whereas that of the SU(2)C triplet split into two folds as
m23,3 =
λ1 + λ4
λ1 + λ4 + 2λ2
2m2, m23,12 =
λ1 − λ4
λ1 + λ4 + 2λ2
2m2, (5.4)
where m3,3 is the mass of the real part of h3, and m3,12 is the mass of the real parts of h1
and h2 (which would-be charged under U(1)EM) as a result of turning on λ4. Then, mass
squares of the neutral scalars read m21 and m
2
3,3. Depending on the parameters, there are
six patterns of mass ordering. We summarize those on the λ2-λ4 plane in Fig. 6 (λ1 should
be set to keep λ1 + λ4 + 2λ2 > 0 for the vacuum stability).
For phenomenological viability, we should identify the physical Higgs h as the lightest
neutral singlet scalar field. Therefore, we identify masses of SM-like Higgs (mh) and that
of heavy Higgs (mH) as follows:
λ2 < 0 : mh ≡ m1, mH ≡ m3,3, (5.5)
λ2 > 0 : mh ≡ m3,3, mH ≡ m1. (5.6)
On the other hand, m3,12 is always identified as the mass of the charged scalar H
±:
mH± ≡ m3,12. (5.7)
We exclude the parameter region where mH± is the lightest scalar, inconsistent with phe-
nomenology, which corresponds to the gray region of Fig. 6.
5.2 Non-Abelian string at sin θW = 0
The newly added λ4 term breaks the SU(2)C symmetry explicitly to its U(1) subgroup.
Therefore, the degeneracy of the orientational moduli S2 space of non-Abelian string is
– 18 –
resolved in a similar way when we switched on the U(1)Y gauge interaction. Here, to
see an effect of the λ4 term, we first turn off the U(1)Y gauge coupling g
′ (sin θW = 0).
Then, we derive the ζ dependence of the string tension in a similar manner that we did in
Sec. 4. Namely, we take the same ansatzs in Eqs. (3.24), (3.25), and plug those into the
Lagrangian. Then we obtain the following restricted equations of motion for the profile
functions
f ′′ +
f ′
ρ
− (w + 1)
2
ρ2
f − 1
8
[
f2
(
2γ21 + γ
2
3,3 + γ
2
3,12 +
(
γ23,3 − γ23,12
)
cos 2ζ
)
+ h2
(
2γ21 − (γ23,3 + γ23,12)−
(
γ23,3 − γ23,12
)
cos 2ζ
)− 4γ21]f = 0, (5.8)
h′′ +
h′
ρ
− (w − 1)
2
ρ2
h− 1
8
[
f2
(
2γ21 − (γ23,3 + γ23,12)−
(
γ23,3 − γ23,12
)
cos 2ζ
)
+ h2
(
2γ21 + γ
2
3,3 + γ
2
3,12 +
(
γ23,3 − γ23,12
)
cos 2ζ
)− 4γ21]h = 0, (5.9)
w′′ − w
′
ρ
− w + 1
2
f2 − w − 1
2
h2 = 0. (5.10)
Here, ρ = mW r/
√
2, γ1 =
√
2m1/mW , γ3,3 =
√
2m3,3/mW , and γ3,12 =
√
2m3,12/mW .
When m3,3 = m3,12 (λ4 = 0) holds, the ζ dependence disappears, and these reduce to
Eqs. (4.18), (4.19), and (4.20) with b = 0. The ζ dependence appears only in the equations
for f and h, reflecting the fact that λ4 term is the only term which breaks the SU(2)C
symmetry. We numerically solve these equations and calculate the string tension by varying
the variational parameter ζ ∈ [0, pi]. Numerically obtained tensions for typical cases in the
six distinct regions shown in Fig. 6 are plotted in Fig. 7. Interestingly, the string tension
behaves in two qualitatively different ways depending on the order of m3,3 and m3,12.
When m3,3 < m3,12, the string tension takes minimal value at ζ = 0, pi and the maximum
value at ζ = pi2 . On the other hand, when m3,12 < m3,3, they become upside down, namely,
the global minimum is at ζ = pi2 , while the global maximum are at ζ = 0, pi. Therefore,
there are two discrete string solution for the case of m3,3 < m3,12, while there are infinitely
degenerate strings corresponding to the equator of S2 moduli space of Fig. 4 for the case
of m3,12 < m3,3.
5.3 Z- and W -strings at sin θW 6= 0
Now, we incorporate the both effects of U(1)Y gauging discussed in Sec. 4 and the SU(2)C
breaking λ4 term introduced in the last subsection. Let us first recall that the U(1)Y
gauging always makes the Z-string lighter compared to the W -string as shown in Fig. 5.
The λ4 term also makes Z-string lighter when m3,3 < m3,12, however, it makes W -strings
lighter when m3,12 < m3,3 as shown in Fig. 7. Therefore, in the case of m3,3 < m3,12, we
expect that the Z-string is always energetically favored. On the other hand, in the case of
m3,12 < m3,3, it is rather non-trivial whether the Z-string is lighter or heavier compared to
– 19 –
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Figure 7: The ζ dependence of the string tension in the model with modified potential in
Eq. (5.1). The left panel shows the cases with m1 being the smallest while the middle and
right show the cases with m3,3 and m3,12 are the smallest, respectively. For the left panel
we take m1mW =
125
80 ,m3,3 = 20m1,m3,12 = 10m1 for the circle dots, and
m1
mW
= 12580 ,m3,3 =
10m1,m3,12 = 20m1 for the square dots. For the middle panel we take
m3,3
mW
= 12580 ,m1 =
10m3,3,m3,12 = 20m3,3 for the circle dots, and
m3,3
mW
= 12580 ,m1 = 20m3,3,m3,12 = 10m3,3
for the square dots. For the right panel we take m1mW =
125
80 ,m3,3 = 10m1,m3,12 = m1/2
for the circle dots, and
m3,3
mW
= 12580 ,m1 = 10m3,3,m3,12 = m3,3/2 for the square dots.
Numerical integrations are carried out over the range of 0 ≤ ρ ≤ 40.
the W -string since there are two competing effects coming from the U(1)Y gauge interaction
and the λ4 term. In order to examine which string, Z or W , is energetically favored, we
again make the ansatz given in Eq. (4.4) for H0 and those given in Eq. (4.17) for Wµ and
Bµ. Then we plug these together with the rotated covariant derivative given in Eq. (4.16)
into the Lagrangian, we obtain the following equations that minimize the energy:
f ′′ +
f ′
ρ˜
−
(
(1 + w)2 − 2(1 + w)b cos ζ + b2)
4ρ˜2
f
− 1
8
[
f2
(
2γ˜21 + γ˜
2
3,3 + γ˜
2
3,12 +
(
γ˜23,3 − γ˜23,12
)
cos 2ζ
)
+ h2
(
2γ˜21 − (γ˜23,3 + γ˜23,12)−
(
γ˜23,3 − γ˜23,12
)
cos 2ζ
)− 4γ˜21]f = 0, (5.11)
h′′ +
h′
ρ˜
−
(
(1− w)2 + 2(1− w)b cos ζ + b2)
4ρ˜2
h
− 1
8
[
f2
(
2γ˜21 − (γ˜23,3 + γ˜23,12)−
(
γ˜23,3 − γ˜23,12
)
cos 2ζ
)
+ h2
(
2γ˜21 + γ˜
2
3,3 + γ˜
2
3,12 +
(
γ˜23,3 − γ˜23,12
)
cos 2ζ
)− 4γ˜21]h = 0, (5.12)
w′′ − w
′
ρ˜
− 1
2
cos2 θW
(
(1 + w − b cos ζ)f2 − (1− w + b cos ζ)h2) = 0, (5.13)
b′′ − b
′
ρ˜
+
1
2
sin2 θW
(
((1 + w) cos ζ − b)f2 − ((1− w) cos ζ + b)h2) = 0. (5.14)
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Figure 8: ζ dependence of the string tension for various values of γ˜3,3/γ˜1: γ˜3,3/γ˜1 =
5, 10, 20, 50, 100, 150 are indicated by different symbols. γ˜1 =
125
91 , γ˜3,12/γ˜1 = 10 and
sin2 θW = 0.23 are fixed.
Here, we defined ρ˜ = mZr/
√
2, γ˜X =
√
2mX/mZ . Note that when ζ = pi/2, b can be taken
to be identically 0. Then the above equations reduce to the following simplified equations
for the W -string
f ′′ +
f ′
ρ˜
− (1 + w)
2
4ρ˜2
f − 1
4
[
f2
(
γ˜21 + γ˜
2
3,12
)
+ h2
(
γ˜21 − γ˜23,12
)− 2γ˜21]f = 0, (5.15)
h′′ +
h′
ρ˜
− (1− w)
2
4ρ˜2
h− 1
4
[
f2
(
γ˜21 − γ˜23,12
)
+ h2
(
γ˜21 + γ˜
2
3,12
)− 2γ˜21]h = 0, (5.16)
w′′ − w
′
ρ˜
− 1
2
cos2 θW
[
(1 + w)f2 − (1− w)h2] = 0. (5.17)
Note that these are independent of γ˜3,3.
Fig. 8 shows the ζ dependence of the string tension for various values of γ˜3,3 with
fixing γ˜1 =
125
91 , γ˜3,12 =
1250
91 and sin
2 θW = 0.23. The W -string tension is common for
all the choices of γ˜3,3 since Eqs. (5.15)–(5.17) are independent of γ˜3,3. As is expected, the
Z-strings are the most stable configuration for γ˜3,3  γ˜3,12 since explicit SU(2)R breaking
effects from both the U(1)Y gauging and the λ4 term lower the Z-string tension. On the
contrary, the W -string is favored to the Z-string for γ˜3,3  γ˜3,12, where the lowering effect
on the Z-string by U(1)Y gauging is overtaken by much stronger uplifting effect coming
from the λ4 term. For γ˜3,3 ' γ˜3,12, the both strings would exist as true or metastable
configurations. The result presented here, namely the possibility of energetically favored
W -strings, has been missed since the discovery of the topologically stable Z-string [38].
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6 Topological Z-strings at tan β 6= 1
In this section, we consider more general situation of tanβ 6= 1; We add the terms
Tr[H†Hσ3] and Tr[H†Hσ3H†H] in addition to terms considered in Eq. (5.1):
V = −m2Tr[H†H]− µ2Tr[H†Hσ3] + λ1Tr
[
(H†H)2
]
+ λ2
(
Tr[H†H]
)2
+λ3Tr[H
†Hσ3H†H] + λ4Tr[H†Hσ3H†Hσ3]. (6.1)
Qualitatively different feature of this potential compared to those considered so far is the
fact that H can take the VEV which is not proportional to the unit matrix:
〈H〉 =
(
v1 0
0 v2
)
, (6.2)
with
v1 =
√
(λ1 − λ3 + λ4)m2 − (λ1 + 2λ2 − λ3 + λ4)µ2
2(λ1 + λ4)(λ1 + 2λ2 + λ4)− 2λ23
, (6.3)
v2 =
√
(λ1 + λ3 + λ4)m2 + (λ1 + 2λ2 + λ3 + λ4)µ2
2(λ1 + λ4)(λ1 + 2λ2 + λ4)− 2λ23
. (6.4)
Thus we have
tanβ ≡ v1
v2
=
√
(λ1 − λ3 + λ4)m2 − (λ1 + 2λ2 − λ3 + λ4)µ2
(λ1 + λ3 + λ4)m2 + (λ1 + 2λ2 + λ3 + λ4)µ2
. (6.5)
When v1 6= v2, the (0, 1) and (1, 0) Z-strings are not degenerate. Appropriate ansatz
for the Z-strings are given by
H(0,1) =
(
v1h(r) 0
0 v2f(r)e
iθ
)
, Z
(0,1)
i =
2 sin2 β cos θW
g
ij
xj
r2
(1− w(r)), (6.6)
and
H(1,0) =
(
v1f(r)e
iθ 0
0 v2h(r)
)
, Z
(1,0)
i = −
2 cos2 β cos θW
g
ij
xj
r2
(1− w(r)), (6.7)
The factors sin2 β =
v21
v21+v
2
2
and cos2 β =
v22
v21+v
2
2
appearing in the gauge field ansatz are
necessary to minimize the tension of the Z-string. As a consequence, the magnetic flux
confined inside the string is fractionally quantized [38] as
Φ
(0,1)
Z = 2pi
sin2 β cos θW
g
, Φ
(1,0)
Z = −2pi
cos2 β cos θW
g
. (6.8)
We solved the equations of motion for the potential given in Eq. (6.1) with the ansatz
in Eqs. (6.6) and (6.7) for various combinations of input parameters. We first calculated the
Z flux Φz from those obtained gauge configurations, and compared those with analytical
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Figure 9: Ratio of the Z flux |Φz| (tanβ 6= 1) to |Φz| at tanβ = 1. The dots are numer-
ically obtained data, while curves are drawn by using analytical expressions in Eq. (6.8).
For numerical computation, we set the parameters g = g′ = m = λ1 = λ2 = λ4 = 1. For
the left panel, we fixed λ3(= 0) and varied the value of µ, while for the right panel, we
fixed µ(= 0) and varied the value of λ3. In both panel, ratios are plotted as functions of
tanβ.
formula shown in Eq. (6.8) in Fig. 9. In the left panel, parameters are fixed except for µ,
while in the right, those are fixed except for λ3. Then in the both plots, results are plotted
as functions of tanβ. In both cases, numerical data sit on the analytical curves, which
confirms the validity of the numerical calculations.
Let us next discuss the tension of the strings. Although the (1, 0)- and (0, 1)-strings
have the different Z flux quanta, the dominant part of their tensions, namely the logarith-
mic divergent parts are common as∫
d2xTr[DiH
†DiH] ' 2pi v
2
1v
2
2
v21 + v
2
2
log Λ. (6.9)
However, the (1, 0)- and (0, 1)-strings are not exactly degenerate, which can naturally be
expected from the fact that they carry different Z fluxes. Splitting in the string tensions
appears in finite subdominant part. To see this, we plot the difference of the tension of (0, 1)
and (1, 0)-strings (normalized by 2pi(v21 + v
2
2)) in Fig. 10. In the figure, input parameters
are taken in a similar way as Fig. 9: we take g = g′ = λ1 = λ2 = λ4 = 1, and for square
symbols, λ3 is taken to be 0 and µ is varied, while for circles, µ is taken to be 0 and λ3
is varied. Again, horizontal axis represents the value of tanβ for given input parameters.
From this figure, one can see the tension of a (0, 1)-string is higher than that of a (1, 0)-
string for tanβ > 1. This comes from the fact that the contribution to the tension from
the gauge flux in the case of a (0, 1)-string is bigger than the case of a (1, 0)-string, which
can be understood from the magnitude of Z fluxes for each case, shown in Eq. (6.8).
In Fig. 11, we show two examples of profile functions for (0, 1) and (1, 0)-strings in the
case of tanβ = 3.
Before closing this section, it may be interesting to point out that fractional quantiza-
tion of fluxes in Eq. (6.8) commonly occurs in the presence of multiple condensations, such
as multi-gap superconductors and multi-component Bose-Einstein condensates.
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Figure 10: Difference of the tensions of (0, 1)-string and (1, 0)-strings normalized by
2pi(v21 +v
2
2). For numerical computation, we set the parameters g = g
′ = λ1 = λ2 = λ4 = 1.
For square symbols, λ3 is taken to be 0 and µ is varied, while for circles, µ is taken to
be 0 and λ3 is varied. The horizontal axis represents the value of tanβ for given input
parameters.
7 Topological Z-string attached by domain walls
So far, we have studied the topological Z- and W -strings in the two Higgs doublet model
in the situation that the potential has a symmetry under the relative phase rotation given
in Eq. (2.23). Since the VEV of the Higgs fields spontaneously break this symmetry, the
corresponding NG mode appears. Since such massless mode does not exist in nature, for
phenomenologically viable model building, we need to introduce explicit U(1)a breaking
terms into the Lagrangian, giving a mass to the NG mode. This is the CP-odd Higgs
boson.
For the purpose of examining the effect of such U(1)a breaking terms to the Z-string
solution studied so far, we consider the following potential:
V = −m2Tr[H†H]− µ2Tr[H†Hσ3] + λ1Tr
[
(H†H)2
]
+ λ2
(
Tr[H†H]
)2
+λ3Tr[H
†Hσ3H†H] + λ4Tr[H†Hσ3H†Hσ3]
−m212 (detH + h.c.) +
(
β5
2
detH2 + h.c.
)
. (7.1)
The terms proportional to m212 and β5 are the ones that explicitly break the U(1)a symme-
try. To see how the potential depends on the relative phase of the Higgs field, let us plug
H = eiαdiag(v1, v2) into the U(1)a breaking terms:
Vξ(α) = −2m212v1v2 cos 2α+ β5v21v22 cos 4α
= (v1v2)
2
√
4
(
m212
v1v2
)2
+ β25 (− sin ξ cos 2α+ cos ξ cos 4α) , (7.2)
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Figure 11: The profile functions f(r) (solid), h(r) (dashed), and w(r) (dotted) are shown
for the (1, 0)- and (0, 1)-strings. We set tanβ = 3 by taking (µ, λ3) =
(√
2
5 , 0
)
for the upper
two panels (a), and (µ, λ3) =
(
0, 85
)
for the lower two panels (b). The other parameters are
set as g = g′ = λ1 = λ2 = λ4 = 1.
where
sin ξ ≡ 2
m212
v1v2√
4
(
m212
v1v2
)2
+ β25
, cos ξ ≡ β5√
4
(
m212
v1v2
)2
+ β25
, (7.3)
with α ∈ [−pi2 , pi2 ] (due to the gauge equivalence2 α ' α + pi) and ξ ∈ [0, pi] (due to the
our choice m212 ≥ 0). This is the same form as that of the so-called double sine-Gordon
potential.
Let us now discuss the effect of the U(1)a breaking terms on the topological Z-string.
For this purpose, we consider the (1, 0)-string in the following discussion. (The effect on
the (0, 1)-string can also be understood in a similar way). The asymptotic behavior of the
Higgs field of the (1, 0)-string configuration is given by
H(1,0)
∣∣
r→∞ =
(
v1e
iθˆ(θ) 0
0 v2
)
= ei
θˆ(θ)
2 ei
θˆ(θ)
2
σ3
(
v1 0
0 v2
)
, (7.4)
2 Note that since a field with α = δ (where δ is an arbitrary real value) and that with α = δ +
pi are physically equivalent up to gauge transformation (pi rotation in σ3 component of SU(2)W gauge
transformation), the potential has a periodicity of pi in the direction of α.
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Figure 12: (a) Contour plot of the U(1)a dependent part of the potential Vξ(α). The
darker the color is, the lower the potential is. Bottom of the potential and the local
minimum are indicated by thick-dashed and thick-solid curves, respectively. (b) Typical
slices of Vξ(α) for α ∈ [−pi2 , pi2 ] with ξ = kpi4 (k = 1, 2, 3) are shown.
where θˆ(θ) is a function of the angle coordinate θ. In the second equality of the above, we
have rewritten the phase factor of the Higgs field by the product of elements that represent
the relative (U(1)a) phase rotation and the common (hypercharge) phase rotation. From
this, one can see that U(1)a phase around the (1, 0)-string varies as α(θ) =
θˆ(θ)
2 . Therefore,
since the single valuedness of the scalar fields requires θˆ(2pi + θ0)− θˆ(θ0) = 2pi, the U(1)a
phase around the (1, 0)-string takes values from 0 to pi (instead of 2pi). As we saw in previous
sections, when there is no ξ dependent terms in the potential, θˆ(θ) takes the simple form
which just linearly depends on the θ as θˆ(θ) = θ. However, once the potential Vξ(α) is
turned on, θˆ(θ) becomes a nontrivial function, and when α(θ) (= θˆ(θ)2 ) passes a potential
barrier, it costs a certain additional energy. Since the region that costs additional energy
density should be localized to minimize the total energy of the configuration, it forms the
domain wall(s) attached the (1, 0)-string. The number of domain walls coincides with the
number of the potential barriers which α passes through in the range from α = −pi2 to
pi
2 . In Fig. 12 (a), we plot the ξ dependent part (namely the quantity in the parentheses
of Eq. (7.2)) of the potential in the range of 0 ≤ ξ ≤ pi and −pi2 ≤ α ≤ pi2 . The darker
the color is, the lower the potential is. Bottom of the potential and the local minimum
(false vacuum) are indicated by thick-dashed and thick-solid curves, respectively. Fig. 12
(b) shows slices of the potential for three representative values of ξ, namely for ξ = kpi4
(k = 1, 2, 3).
When the potential Vξ(α) has only one global minimum, like in the case of ξ =
pi
2 (see
the middle panel of Fig. 12 (b)), α passes the potential barrier once when α moves from −pi2
to pi2 . Therefore, in this case, one domain wall that attaches to the (1, 0)-string appears.
Such domain wall-string configuration cannot be static. The string is pulled toward spacial
infinity by the tension of the domain wall. Fig. 13 shows the (part of) field configuration
(a, b), a Z flux (c), and energy density (d) of a (1, 0)-string with a domain wall at ξ = pi2 .
For concreteness, we took λ3 = µ = 0, namely we have tanβ = 1. The panels (a) and (b)
of Fig. 13 show square of absolute values of the upper-left (winding) and the lower-right
(unwinding) components of H, respectively. The winding component touches zero at the
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Figure 13: A snap shot of the (1, 0)-string with a domain wall for ξ = pi2 on the plane
orthogonal to the string. The panels (a) and (b) show the absolute square of the upper-left
(winding) and the lower-right (unwinding) components, respectively. (c) shows the Z-flux
and (d) shows the full energy density.
edge of the domain wall, which evidently shows the presence of the (1, 0)-string. The Z
flux is localized near the string as can be seen in the panel (c). The full energy density is
plotted in the panel (d), from which one can see the energy density is concentrated near
the center of the string and the domain wall attached to it.
When the potential Vξ(α) has two degenerate minima, like in the case of ξ = pi/4
(see the left panel of Fig. 12 (b)), α passes the potential barrier twice when α moves from
−pi2 to pi2 . Therefore, in this case, two domain walls exist that attach to one (1, 0)-string.
Fig. 14 shows the numerical solution of this domain wall-vortex system with λ3 = µ = 0
(tanβ = 1). Since heights of two potential barriers are in general not equal, tensions of
the domain walls are different. This can be seen from the plot of the energy density in the
panel (d). This configuration is not static and the string is pulled by the heavier domain
wall, unless the tensions of the two domain walls are balanced at ξ = 0.
The last example is the case when the potential Vξ(α) has one global and one local
minima as in the case of ξ = 3pi4 (see the right panel of Fig. 12 (b)). In this case, there are
two potential barriers that have the same hight. Therefore, two domain walls with same
tensions that attach to the (1, 0)-string appear. However, since being in the false vacua
costs additional energy, an attractive force works between the two domain walls. It is a
strong confining force which is independent of distance between the domain walls. As a
consequence, two domain walls are bound together, and they end on the (1, 0)-string from
one side as shown in Fig. 15. This type of string-domain wall system is not static since the
string is pulled toward the domain walls [40].
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(a) (b)
(c) (d)
Figure 14: A snap shot of the (1, 0)-string with two domain walls for ξ = pi/4 on the
plane orthogonal to the string. The panels (a) and (b) show the absolute square of the
upper-left (winding) and the lower-right (unwinding) components, respectively. (c) shows
the Z-flux and (d) shows the full energy density.
(a) (b)
(c) (d)
Figure 15: A snap shot of the (1, 0)-string with a domain wall for ξ = 5pi/4 on the plane
orthogonal to the string. The panels (a) and (b) show the absolute square of the upper-left
(winding) and the lower-right (unwinding) components, respectively. (c) shows the Z-flux
and (d) shows the full energy density.
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8 Summary and discussion
In this paper, we have studied properties of the topological vortex strings and domain walls
in the 2HDM in detail. We have obtained numerical solutions of the various topological
objects which were first pointed out by Ref. [38] without concrete solutions. Throughout
the paper, we have fully utilized the two by two matrix field H with which the custodial
symmetry becomes transparent. One of advantages for that is manifesting the non-Abelian
moduli S2 ' SU(2)/U(1) of the topological string at the sin2 θW = 0 limit. Although the
non-Abelian moduli are genuine zero modes only in the special limit of the 2HDM at
sin2 θW = 0 with the Higgs potential exactly symmetric under the custodial symmetry,
the moduli space is quite useful for having a bird’s-eye view of the strings in generic
cases. For example, we have identified the Z-strings to the north and south poles, and
the W -strings to points on the equator of S2. Gauging the U(1)Y (sin
2 θW 6= 0) and/or
modifying the Higgs potential give rise to the potential on the moduli space. We have
first investigated the U(1)Y gauging effect, and have found that almost all the non-Abelian
strings are lifted except for the two Z-strings. By proposing an appropriate ansatz, we have
numerically derived the effective potential on the moduli space, which correctly accounts
the fact that the Z-strings are the most stable string solutions. Then, we have slightly
modified the Higgs potential under the restriction with tanβ = 1 being kept. Interestingly,
we have found that a certain modification of the Higgs potential results in lifting up the
Z-strings, which is opposite to the U(1)Y gauging effect. In general, these two opposite
effects compete, and depending on the parameter, either the Z- or the W -string becomes
the most stable. It is the first time to point out the possibility of the W -string being the
most stable string in electro-weak theories. We have proceeded our numerical analysis for
the most generic Higgs potential for tanβ 6= 1, and obtained the numerical solutions for the
most stable Z-strings. At last, we have investigated effects of the additional interactions
which explicitly break U(1)a which gives rise to domain walls ending on the Z-strings.
We have classified configurations to three cases depending on the number and type of
domain walls attached to one vortex, and constructed the full numerical solutions for these
three string-wall composites. It was shown that in a certain parameter region, there is a
solution that the string is attached by two domain walls. Such system is stable and causes
a cosmological problem [40]. Meanwhile, there is a parameter region where a string is
attached by a domain wall from one side. Even if such system was created at a certain
stage of the early Universe, it must have decayed due to the tension of the domain wall.
The remnant of this formation and decay of domain walls could be detected as a specific
spectrum of the gravitational waves [83], which will be studied elsewhere.
We have discussed only Higgs and gauge sectors of 2HDMs in this paper. Including
the fermion sector will be an important future step. In general, when fermions are coupled
to Higgs fields, fermion zero modes are localized on vortices [84] and domain walls [85].
Fermion zero modes on conventional Z-strings in the SM were discussed in Refs. [86–94],
and such fermions zero modes result in a lot of important phenemenological consequences.
In the case of 2HDMs, they are classified to several types (type-I, II, X, Y) depending
on how fermions couple to the Higgs sector [3]. It is interesting to study what kind of
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difference exists in fermion zero modes on a vortex and domain wall in different types of
2HDMs, and such a difference may result in different phenomenological consequence of
topological solitons.
Finally, we would like to make a comment on a significant similarity underlying between
the 2HDM and the color-flavor locked (CFL) color superconductivity of asymptotically high
density limit of QCD [95]. We put our emphasis on a fact that the two by two matrix no-
tation H again plays an essential role for realizing this. In the 2HDM, the SU(2)W acts
on H from the left, while the global SU(2)R symmetry acts from the right. The custodial
symmetry is the vector-like SU(2)C symmetry combining the global SU(2)W and SU(2)R
as H → UHU †. The U(1)Y gauge symmetry is the diagonal subgroup of the SU(2)R.
On the other hand, there are two order parameters in dense QCD. The one is a diquark
condensate ΦL of the left-handed quarks and the other is ΦR of the right-handed quarks.
ΦL(R) is a three by three matrix field which is anti-symmetric in the spin, color, flavor in-
dices. It transforms as ΦL(R) → UCΦL(R)UL(R) with UC ∈ SU(3)C , and UL(R) ∈ SU(3)L(R)
is the chiral symmetry. It is known that ΦL = −ΦR ≡ Φ holds by instanton effects [96–98].
Therefore, the CFL phase is effectively described by the one condensate Φ whose transfor-
mation low is Φ→ UCΦUL+R. As a consequence of the diquark condensation Φ = ∆13 in
the ground state, the QCD symmetry is spontaneously broken to the CFL global symmetry
Φ → UΦU † with U ∈ SU(3)C+L+R. Furthermore, the U(1)EM is a diagonal subgroup of
SU(3)L+R generated by λ8 (the eighth component of the Gell-Mann matrix). Now, the
similarity is quite clear between two theories: (H,SU(2)W , SU(2)R, SU(2)C , U(1)a, U(1)Y )
corresponds to (Φ, SU(3)C , SU(3)L+R, SU(3)C+L+R, U(1)B, U(1)EM). In other words, we
can superficially say that the 2HDM is mere two by two reduced version of the dense QCD.
It is coincidence that the topologically stable string was independently found in the CFL
phase of dense QCD [53], though it was more than ten years later than the discovery of
topological vortices in the 2HDM. The fact that the string in dense QCD is the non-Abelian
string was also missed at first. Later it was pointed out in Refs. [54, 55] that it is a non-
Abelian string, and the detail properties of the non-Abelian string in the dense QCD were
studied in Refs. [56–58]. The effect of the U(1) gauging inside the flavor symmetry such as
lifting up the moduli was found in dense QCD in Refs. [63, 64] (and in the Georgi-Machacek
model in Ref. [72]). Thus, the topologically stable strings in the 2HDM and dense QCD are
very similar apart from the matrix sizes; they are both global string carrying a non-Abelian
magnetic flux accompanied by the non-Abelian moduli, CP 1(' S2) and CP 2 in the 2HDM
and dense QCD, respectively. However, the potential of the 2HDM is more generic than
that of dense QCD, because the Ginzburg-Landau effective theory for dense QCD is more
tightly restricted by the symmetries of QCD. The most crucial difference is the presence of
U(1)a breaking terms giving rise to domain walls attached to a vortex, as discussed in detail
in Sec. 7. The corresponding symmetry in dense QCD is the baryon number symmetry
U(1)B which is exact, and there are no domain walls. Another important terms are quartic
interaction terms such as the term with λ4 in the 2HDM, which is absent in dense QCD.
In a certain parameter region, the W -string becomes the lightest string because of the λ4
term as we discussed, but this does not happen in dense QCD. Nevertheless, similarities
between these two theories are useful since techniques in dense QCD can be imported to
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2HDM. For instance, the low-energy effective world-sheet theory of a topological Z-string
can be constructed in the same manner with dense QCD [57, 69]. A topological Z-string
can emit and absorb Z bosons, and such interaction can be obtained in the same way with
that between a non-Abelian string and gluons in dense QCD [59]. Similarly, the interac-
tion between a topological Z-string and the CP-odd Higgs bosons should be similar to that
between a non-Abelian vortex and U(1)B phonons in dense QCD. A topological Z-string
may Aharanov-Bohm (AB) scatter some particles, as a non-Abelian vortex AB scattering
electrons and muons in dense QCD [66].
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